We deal with the stability problem of the fractional order Black-Scholes model driven by fractional Brownian motion (fBm). First, necessary and sufficient conditions are established for almost sure asymptotic stability and pth moment asymptotic stability by means of the largest Lyapunov exponent and the pth moment Lyapunov exponent, respectively. Moreover, we are able to present large deviations results for this fractional process. In particular, for the first time it is found that the Hurst parameter affects both stability conclusions and large deviations. Interestingly, large deviations always happen for the considered system when 1/2 < H < 1. This fact is due to the long-range dependence (LRD) property of the fBm. Numerical simulation results are presented to illustrate the above findings.
Introduction
The classical central limit theorem (CLT) reveals that the probability distribution of the sum (or average) of many independent and identically distributed (i.i.d.) random variables with finite variance approaches the normal distribution. For this reason Gaussian models have been widely employed in signal processing, and properties of Gaussian processes are characterized by second-order statistics, such as variance and correlation. In practical applications, however, the observed sampled signals exhibit properties of being non-stationary, infinite variance, long-range dependent (LRD), or anomaly [6, 26] . The LRD theory was built on the basis of a stationary or a process with stationary increments, and the LRD processes possess power-law decay of correlations [34] . The Hurst parameter 0 < H < 1 is a measure of the extent of LRD in the time series. The bigger Hurst parameter is, the greater the degree of LRD is. Moreover, many valuable Hurst parameter estimators were provided to more accurately characterize the LRD random signals [18] . The robustness of 12 useful Hurst estimators for the LRD processes compared with noise corrupted LRD and LRD with infinite variance was extensively studied in [31] . It is suggested that (see [32] ) the fractional processes provide a better description of these random variables with properties of being infinite variance, non-Gaussian or non-stationary. In particular, the fractional Brownian motion (fBm) is a simple but effective fractional process, which was first studied in [24] by Kolmogorov and then applied to analyze the yearly water run-offs of the Nile river in [21] by the hydrologist Hurst. Moreover, it is worth noting that the noise term in the stochastic system is used to describe the interaction between the (small) system and its (large) environment. The non-independence over disjoint time intervals in noise term applied by the environment to the system makes the fBm more useful since it can exhibit long-range dependence. For this reason, and also because the fBm includes the fundamental classical Brownian motion as a special case when H = 1/2, there has been an increasing interest in the research activity related to the fBm itself and the stochastic systems driven by it. Now let us state some basic properties of the fBm. According to [7, 28] , the standard fBm (B H (t), t ≥ 0) is defined as a self-similar centered Gaussian process with covariance function
where 0 < H < 1 is called the Hurst parameter. When H = 1/2, the fBm becomes the usual Brownian motion. In contrast to the usual Brownian motion, the fBm is neither Markovian, nor a semi-martingale [30] for H = 1/2. Therefore, the beautiful classical theory of stochastic analysis [13] is not applicable to the fBm-driven stochastic systems. But several contributions in the literature have been already devoted to stochastic integration and differentiation with respect to fBm [25, 12, 15, 1, 17, 11, 8, 22] . The existence and uniqueness of solutions of the fBm-driven stochastic systems have been discussed (see [28] for a detailed review). Some sufficient and necessary conditions for reducing the nonlinear fBm-driven stochastic systems to the linear ones were constructed in our previous work [36] , which provide an effective approach to solve some linear and nonlinear fBmdriven stochastic systems. To describe the property of long memory and anomalous diffusion of such systems, we derived the corresponding FokkerPlanck equation for the nonlinear stochastic systems driven by an fBm, then applied it to the fBm-driven Ornstein-Uhlenbeck process [37] , which was studied towards accuracy of normal approximation for the minimum contrast estimators [9] . The classical Black-Scholes model has become the most popular approach to model pricing option in modern financial markets, since it was established in 1973 by Black, Scholes and Merton [10, 27] . The main advantages of the Black-Scholes model are its simplicity and ease of implementation [14] . On the other hand, the complete solution of the Black-Scholes equation, which was generalized by replacing the first derivative in time by a fractional derivative in time of order 0 < α < 1, was studied in [35] . However, many empirical evidences show that the Black-Scholes model cannot capture many of the characteristic features of price. For example, the presence of long-range dependence and heavy tailed distribution was detected in high frequency financial data [2, 29] . Motivated by these observations, a new framework for pricing option was presented based on the idea of replacing Brownian motion with fractional Brownian motion with a constant Hurst parameter. In particular, this general fractional order Black-Scholes model is arbitrage free and complete by using the white noise approach for the case 1/2 < H < 1 [19] . This contribution was further extended to any value of H in the interval (0, 1) [17] . However, the comprehensive research of this fractional order Black-Scholes model is just at the beginning. Many interesting properties are to be discovered.
To the best of our knowledge, few results [16, 33, 38] have been presented about the stability issue of fractional processes or stochastic systems driven by fractional processes. Note that two common and important stability notions are almost sure stochastic stability and pth moment stochastic stability. The relationship between almost sure stability and pth moment stability can be characterized using the large deviation theory [4] . When the driven noise is taken as Brownian motion, many necessary and sufficient conditions were obtained for both notions of stability (see the book [23] and references therein). However, the above notions of stochastic stability of stochastic systems driven by fBm have not yet been addressed in the literature. Does the nature of fractional processes affect the stochastic stability? What is the large deviations result in fractional processes with fBm? How does Hurst parameter affect the stability conclusion of stochastic systems driven by fBm? The main objective of this paper is to answer these questions based on the simple fractional order Black-Scholes model.
In this paper we will present necessary and sufficient conditions for the almost sure asymptotic stability and pth moment asymptotic stability by means of the largest Lyapunov exponent and the Lyapunov exponent of the pth mean, respectively. Based on the above stability results, we will discuss large deviations for the considered system. Furthermore, we will show that the situations are obviously different when the Hurst parameter is located on the different intervals.
The paper is organized as follows: In Section 2, we formulate the fractional order Black-Scholes model and derive the pth moment of the geometric fractional Brownian motion. We study the almost sure stochastic stability in Section 3 and pth moment stochastic stability in Section 4. Finally, we establish the large deviations results in Section 5.
System Description
To begin with, we consider the fractional order Black-Scholes model 
Integrating the above equation results in
Thus we obtain the solution of (2.1) 
Taking expectations on both sides of the above equation gives
We then get the integral equation
It is straightforward to get the solution
which implies (2.3). The proof is completed. [3] (also see the Theorem 1.6.1 in the book [7] ), we have the local law of iterated logarithm of the fBm lim sup
where C H is a suitable constant. Moreover, by the self-similarity of the fBm, it is easy to check that t 2H B H (1/t) is also an fBm since the covariance function satisfies
Then we get lim sup 
Almost Sure Stochastic Stability
First, we introduce some definitions and notations. Denote x(t; x 0 , t 0 ) by the solution of (2.1) at time t, with initial state x 0 at time t 0 , and x(t; x 0 , t 0 ) stands for some suitable norm, such as an absolute value or quadratic norm. The necessary and sufficient condition for the almost sure asymptotic stability is that the largest Lyapunov exponent of the corresponding system is negative [4] . The Lyapunov exponent of the solution x(t; x 0 , t 0 ) of (2.1) is defined by λ = lim sup
From (2.2) and (2.4), we have
Then, we get P r o o f. Since the necessary and sufficient condition for the almost sure asymptotic stability is that the largest Lyapunov exponent of the corresponding system is negative, from (3.1), the proof is immediate. Remark 3.1. From Theorem 3.1, (2.1) is almost surely asymptotically stable for all Hurst parameters 0 < H < 1 when a < 0. In other words, the diffusion term as well as the Hurst parameters can not destabilize the fractional Black-Scholes model. Table 1 . Conditions of almost sure stochastic stability of (2.1) 
pth Moment Stochastic Stability
To proceed, we need the following definitions first:
Definition 4.1. The equilibrium solution is said to possess pth moment stochastic stability if the expectation exists and
Definition 4.2. The equilibrium solution is said to possess pth moment asymptotic stochastic stability if it is pth moment stochastic stable and lim
The necessary and sufficient condition for pth moment asymptotic stability is that the Lyapunov exponent λ(p) of the pth mean is negative [4] . 
From (2.2) and (2.3), we have
Furthermore, we get 
is pth moment stable when 0 < p < 1, or a < 0 and p = 1; but it is unstable when p > 1, or a > 0 and p = 1. P r o o f. Since the necessary and sufficient condition for pth moment asymptotic stability is that the Lyapunov exponent λ(p) of the pth mean is negative. From the expression of λ(p), the proofs of (i) and (iii) are immediate. Next we turn to the case (ii). When H = 1/2, we have from the inequality
Thus we prove the case (ii). 2 Table 2 . Conditions of pth moment stochastic stability of (2.1)
Large Deviations
The theory of large deviations is the bridge connecting the sample stability and pth moment stochastic stability. Roughly speaking, the moment Lyapunov exponent is usually positive for sufficiently large p > 0 even for stable systems because of large deviations. So it is interesting to seek the presence of the large deviations: λ < 0 but λ(p) > 0 for large p. Suppose that λ < 0. For x 0 = 0, |x(t; t 0 , x 0 )| → 0 as t → ∞ almost surely and so the random variable x max = sup{|x(t; t 0 , x 0 )| : t ≥ t 0 } is finite almost surely. Case III (1/2 < H < 1): In this case, one has λ = −∞ and λ(p) = −∞, a, ∞ for 0 < p < 1, p = 1, p > 1 respectively. Thus, the situation that λ < 0 but λ(p) > 0 holds for all parameter a and b and all large p > 1. It means that the deviations happen for all parameter a and b when 1/2 < H < 1.
Conclusions and Future Work
In this paper we have studied the stability problem of the fractional order Black-Scholes model. We have provided necessary and sufficient conditions for almost sure asymptotic stability and pth moment asymptotic stability by means of the largest Lyapunov exponent and the Lyapunov exponent of the pth mean, respectively. Furthermore, we have obtained large deviations results for this fractional process. It has been shown that the Hurst parameter affects the stability conclusions and the large deviations. Interestingly, the large deviations always happen for the considered system when 1/2 < H < 1. This is due to the long-range dependence (LRD), one of main properties of the fBm. Inspired by the obtained results, we will focus on the relationship between Hurst parameter and stability property of the general high dimensional and nonlinear stochastic systems driven by fractional Brownian motion.
